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5^1 ' Abstract 

We construct a new class of physical states of the free Klein-Gordon 
field in Robertson- Walker spacetimes. This is done by minimizing the ex- 
pectation value of smeared stress-energy. We get an explicit expression for 
the state depending on the smearing function. We call it a state of low en- 
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1 Introduction 



In quantum field theory in curved spacetime (QFT in CS), the construction of 
the algebra of observables is a widely solved problem [1,2,7]. In principle, the 
set of physical states is known as well: It is the folium of the Hadamard class. 
Hadamard states can be defined via the microlocal spectrum condition [15]. The 
set of physical states is then given by their local quasiequivalence class [16]. 
The definition of quasifree Hadamard states only involves the singularity struc- 
ture of the two-point distribution. One does not know how physical properties 
translate into the smooth part. This is unsatisfactory because there should be 
Hadamard states of low energy as well as high-temperature Hadamard states 
and we do not know exactly how to distinguish them. In the present work, such 
a physical interpretation of an Hadamard state will be given for the first time 
in Robertson- Walker spacetimes. 

The Hadamard concept is rather modern. An older approach to define a class 
of physical states on Robertson- Walker spacetimes is due to Parker, Liiders and 
Roberts [12,14]. Parker gave a definition 1 of the so-called adabatic vacuum 
states. This definition was made precise by Liiders and Roberts in [12], where 
they also showed that the adabatic vacuum states (of a certain iteration order) 
fulfill the principle of local quasiequivalence. 

Guided by Parker's ideas and using the techniques of Sobolev wavefront sets, 
Junker and Schrohe [10] gave a new definition of the class of adiabatic vacua in 
the language of microlocal analysis and showed that the previous definition was 
a special case of the new one. They could show that adiabatic states (of a cer- 
tain order) are locally quasiequivalent to the Hadamard class, thus defining the 
same set of physical states. Furthermore, they gave a construction procedure 
for adiabatic vacuum states on globally hyperbolic spacetimes with compact 
Cauchy surfaces. 

Nevertheless, the physical interpretation shows that adiabatic vacua should not 
occur in most physical settings. In an adiabatic vacuum state, the probability 
of detecting an event of energy E only falls off as a power of E for E — ► oo; 
in an Hadamard state, the probability decreases faster than any power of E, 
which is the behaviour we know e.g. from all particle or thermal states (see the 
discussion in [10]). 

Another drawback of the adiabatic vacua is the unclear physical motivation. 
Parkers ansatz had been finding states of minimal particle creation. However, 
in curved spacetimes without asymptotical flatness, a sensible particle interpre- 
tation is not available. 

In this work, we present a new approach to define physical states on Robertson- 
Walker spacetimes and show that these states belong to the Hadamard class. 
This construction will be physically motivated. The idea is as follows: Based 
on the results by Liiders and Roberts, we want to find a state with the same 
symmetry properties as the underlying spacetime that minimizes the energy 
density measured by an isotropic observer. More precisely, we smear the energy 
density with a test function supported on the worldline of an isotropic observer 

lr The definition given by Parker in [14] decribes only approximate states. 
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and minimize this quantity as a function of the state. This is motivated by a 
result by Fewster [5]: The renormalized energy density, smeared along a timelike 
curve, is bounded from below as a function of the state (where only Hadamard 
states are considered). 

The present work is organised as follows: In section 2, we review the analysis 
of homogeneous isotropic quasifree pure states on Robertson- Walker spacetimes 
carried out in [12]. In section 3, we show that the above procedure gives indeed 
a well defined state. We call the resulting state a state of low energy (associ- 
ated to the smearing function /). Applying this result, we show that adiabatic 
vacuum states are states of low energy in the adiabatic limit. The proof that 
states of low energy satisfy the Hadamard property will be given in section 4. 



2 Homogeneous Isotropic Quasifree Pure States on 
Robertson- Walker Spacetimes 

2.1 Quantum Field Theory in Curved Spacetime 

Robertson- Walker spacetimes have topological structure M = lxS where S is 

a Cauchy surface of M. For the metric g a b on M, we have g a b = dt 2 — a(t) 2 h a b, 

where h a b is the pullback of g a b under the embedding map l : £ — > M. 

In this work, we examine the free scalar field in Robertson- Walker spacetimes. 

We adopt the viewpoint of algebraic quantum field theory (see [4, 11]). 

We start with the set of real-valued test functions on M, Pjr(M) =: T. There 

are unique operators : V(M) — > £ (M) such that (see [3]) 

(D g + m 2 )E ± = E ± (D g + m 2 ) = 1 (1) 
supp E ± f C J^supp /). (2) 

E± are the retarded and advanced fundamental solution to the Klein-Gordon 
operator on M. We set E := E + — E~ and define an Hermitian form 7 by 

7(/, /') = -* / d 4 x^g-(fEf), (3) 

JM 

where g is the determinant of the metric on M. (r, 7) is a symplectic space. 
The Weyl algebra over (I\ 7), A, is generated 2 by the symbols W(f), f G F with 
multiplication law 

W(f)W(f) = exp (~\lU, /')) W(f + /'), (4) 

and star operation 

W(f)* = W(-f). (5) 

The symbols W(f) can be understood as exponentials of smeared field operators 
</>(/) in a CCR-Algebra, 

W(f)=exp(-i<f>(f)). (6) 
2 For a more precise statement, see [11]. 
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To be more precise, a representation of the CCR-Algebra in a normed space 
induces a representation of A via equation (6) and vice versa. We take the 
Weyl algebra as our algebra of observables. 

One can as well start with the symplectic space of initial values to the Cauchy 
problem, 

L = {(/ 1 ,/ 2 ),/ 1 ,/ 2 GP R (S)} (7) 



with Hermitian form 



((/i, / 2 ), Ulf*)) =-iJ d 3 x^h {hf 2 - f[f 2 ) . 



(8) 



We denote the corresponding Weyl algebra by A. 

A and A are isomorphic: Let p ,pi: C°°(M) C°°(S) with 

PoU) = fk 

Pi(f) = dzf, (9) 
then an isomorphism <, : A ^ A is given by 

<W(f)) = W((p Ef,p 1 Ef)). (10) 

See [11] for a proof. 



2.2 Quantum Field Theory in Robertson- Walker Spacetimes 

Robertson- Walker spacetimes are spatially homogeneous and isotropic. When 
searching for states of minimal energy density, it is natural to consider only 
states that have the same symmetry property, as we would think of states that do 
not have these symmetry properties as excitations of the homogeneous isotropic 
states. We only consider quasifree or Gaussian states, as our analysis only in- 
volves the two-point distributions of homogeneous isotropic states. Quasifree 
states are entirely characterized by their two-point distribution. Finally, we 
only consider pure states. This makes sense because we are looking for a state 
where the smeared energy density is minimal. Energy density is an additive 
observable so it will not be minimal in a state that can be written as a linear 
combination of two other states with positive real coefficients unless the smeared 
energy density is already minimal in these states. 

We distinguish three cases, £ = S e ,e G {+1,0,-1}, depending on whether 
£ has positive, vanishing or negative curvature. The index e will be omitted in 
statements that are valid for all three cases. S e can be given the structure of a 
submanifold of M 4 : 

3 

£+ = {x e M 4 : (x ) 2 + J2( x ' 1 ) 2 = !> 

i=i 

S° = {x G R 4 : x° = 0} 

3 

E-={i£K 4 : {x ) 2 - ^(x*) 2 = l,x°> 0} (11) 

i=i 
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The isometry group Q + of S + is 50(4). Furthermore we have Q° = E(3) (the 
euclidean group) and Q~ = 50(1,3) = C + (A) (the Lorentz group). Q e can also 
be thought of as the isometry group of M e = 1 x E f , as any isometry g of £ 
defines an isometry g of M via g(t,x) = (t, g(x)). 

This gives rise to automorphisms of A resp. A: 

a e (W(f)) = W(Qf),a e (<Kf)) = <f>(Qf), geg,(gf)(x):=f(g-\x)). (12) 

We consider the set of initial values for the Cauchy problem L = {(/, /'), /, /' G 
£>(£)}. We want to determine the form of two-point distributions on A, the 
Weyl algebra over L. 

A quasifree state u> with two-point distribution is homogeneous and isotropic 
if and only if 

W2(/, /') = "ate/, e/'), e G # /> /' G p ( M )- ( 13 ) 

^ has a representation U © J7 in L with 

W = /°^. (14) 

The two-point distribution is a bilinear form on L. Now, we would like to think 
of the two-point distribution as a bounded operator in some Hilbert space. For 
this reason, we equip L with a Hilbert space structure. A simple choice is 
L 2 (£)©L 2 (£) where the measure on £ is induced by the metric h a j,. L is dense 
in L 2 {Ti) © L 2 (E). The scalar product is denoted by (-, •). 
In order to represent a larger class of two-point distributions as bounded op- 
erators in a Hilbert space, we allow a more general structure H u with scalar 
product 

(F,F% = (F,(-A + m 2 ) 2 »F'), (15) 

where F = (fi,f2),F' = (/J,/^) and the action of the Laplacian is defined 
componentwise. Now, we are ready to impose our continuity condition on the 
two-point distribution: There has to exist a v G N such that u>2 is a contin- 
ious bilinear form in H u . By the Riesz representation theorem, this gives us a 
bounded linear operator ui : H u — > H u with 

(F, CbF') v = u)2(F, F'). (16) 

Q has a unitary representation in H u via (14). u>2 will be the two-point distribu- 
tion of a homogeneous and isotropic state if and only if Q is in the commutant of 
this representation. For the rest of the discussion, we return to £ 2 (£) © L 2 (T.) 
using a unitary transformation 3 

V : H v -► L 2 (S) ©L 2 (S) 

(/, g) ^ (- A + m 2 Yf © (-A + m 2 y 9 . (17) 

V intertwines the representation of Q in H u with the representation U © U in 
L 2 (S) © L 2 (S). It remains the task to compute the commutant of U. This has 

3 The only reason for the definition of H v was giving a better suited continuity condition 
on u>2. 
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been carried out carefully in [12], we only present the results. 
The invariant subspaces of L 2 (Yi) under U are the eigenspaces of the Laplacian 
on S. There exists an orthonormal basis of eigenfunctions Ik with eigenvalues 
E(k), where k = 

J dhY k {x)Y^) = 5(x - x) (18) 

J dxY k (x)Yv(xj = 5(k,k') (19) 
AY k (x) = -£(fc)Y k (x). (20) 

(In the cases e = 0, — 1 these are sets of generalised eigenfunctions.) If e = 0, — 1, 
the index k is from IR 3 (equiped with the Lebesgue measure) and if e = +1, k 
is from N 3 (with the counting measure, see [12]). A function / G L 2 (E) has a 
"fourier transform" 4 

/>) = <y k ,/) L2 = y dx^(x)/(x). (21) 
Its domain is the momentum space associated to S e , S e . 

A bounded operator on some H u ,v £ N commuting with £/ comes down to a 

multiplication with a polynomially bounded function of k on S. 

This yields the form of an homogeneous isotropic two-point distribution: 

co 2 (F,F') = fdk (Fi(k),tiij(k)Fj(k)) L 2, (22) 

where u)ij(k),i,j G {0,1} are measurable, polynomially bounded functions on 
S, and F = (F , F x ), F' = (Fq, F[) a. 

Up to now, we have only used the fact that u>2 is a homogeneous isotropic 
bidistribution. Furthermore, we want the corresponding functional on A to be 
state, i.e. 5 

u 2 (F, F) > 0, F £ L (positivity) (23) 

lo 2 (F,F')-lu 2 (F',F) =iEv{F,F') 

= i J d?xVh(F F{- FiFq), F,F' £ L (commutation relations) (24) 

From equation (23) we deduce that the matrix Cuij(k) has to be positive semidef- 
inite for all k: 

u 01 (k) = d)io(fe), ^oo(^) > 0, 
woo(fc)wn(fc) - \Co i{k)\ 2 > 0. (25) 

4 Actually, only if e = this is the fourier transform of /. In all three cases, there is a 
fourier inversion formula [12]. 

5 We define our two-point distribution on A via a relation similar to (6) and u>2(F,F') = 
u) (<j)(F)*(f>(F')). For a precise statement, see [11, 12]. 
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As to is pure, the last line of (25) has to be an equality. 
In a last step, one shows that from (24) follows 

woi(fc) - &io(k) = ia 3 (t ). 

Combining these statements on the matrix entries cDy(fc), one has the following 

Theorem 2.1. The quasifree homogeneous isotropic pure states on Robertson- 
Walker spacetimes are given by (22) with 

u u (k) = a 6 (t Q )\ q(k)\ 2 , Qoo(k) = \p(k)\ 2 , 

u i{k) = wio(fc) = -a 3 (t )q{k)p{k), (26) 

where p, q are polynomially bounded functions on X, with 



q(k)p(k) - q(k)p(k) = i. (27) 

Using the isomorphism from equation (10), we now want to determine the two- 
point distribution for states on A. This will allow us to compute the stress- 
energy tensor. With an explicit expression for the fundamental solution of the 
Klein- Gordon equation 

E : V(M) -► £(M) 

from [12], the derivation is straightforward. We have to make some remarks on 
the Klein-Gordon operator on M before giving the result. 
The Klein-Gordon operator on Robertson- Walker spacetimes in coordinates 
(t, x) is given by 

U 9 + m2 = Q£ + 3H(t)—-a- 2 (t)A h + m 2 , (28) 

where a(t) is the scale parameter, H(t) = a(t)/a(t) the Hubble parameter and 
A/j the Laplacian on the Cauchy surface S. 

As mentioned in section 2, there exists an orthonormal system of eigenfunctions 
{Ik} of the Laplacian, 

A h Y k = -E(k)Y k . (29) 
The product Tk(t)Yk(x) is a solution of the Klein-Gordon equation if 

f k + 3HT k + Lo 2 T k = 0, uj 2 = ^ + m 2 . (30) 

We are now ready to present the form of the two-point distribution on M: 
Let a>2 be the two-point distribution of a state Cj on A fulfilling the conditions 
of theorem 2.1. Then the corresponding two-point distribution on M is given 

by 

cu 2 (x,x') = J dkY k ^)Yk(^)f k (x )T k (x '), (31) 

where T k is a solution of the time part of the Klein-Gordon equation (30) with 
initial conditions 

T = r fc (to) = q(k) 
f = t k (t ) = a- 3 (t )p(k), (32) 
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where t = to defines the Cauchy surface S. This together with theorem 2.1 
induces a condition on a solution T k of (30) : 

f k f k - T k T k = ia 3 . (33) 

This condition is conserved in time. If T k fulfills equations (30) and (33), it 
represents a quasifree homogeneous isotropic pure state. This is what will be 
meant in the following when speaking of "the state T k ". 



2.3 Adiabatic Vacuum States 

Parker [14] developed explicit expressions for the mode solutions T k (t). The 
corresponding quasifree states were named adiabatic vacua. However, Parkers 
mode solutions are only approximate solutions of the differential equation (30) , 
and thus the corresponding states only approximate states. Liiders and Roberts 
[12] improved this concept by merely extracting the initial values for the mode 
solutions from Parkers iteration procedure and subsequently giving the above 
construction. 

Parkers ansatz is of the WKB-type: 

T k (x°) = a(x )- 3 / 2 {2n k (x°)y l/2 exp (i J* n k (t')dt'^j . (34) 

Equation (34) automatically satisfies (33). If expression (34) is a solution of 
(30), one has 

2 2 3d 2 3a 3fl k 2 in k 

Qk = UJk -^-Ya + ^-2n k (35) 

One tries to solve this equation iteratively: 

Qf\t) =u k = y/a-*(t)E(k)+m> 

(°* } -4^-2^ + i^-^R- (36) 

The resulting states with phase functions U k n \t) are called adiabatic vacua of 
order n. 

Parkers idea was to define modes that yield the known mode solutions in the 
case of static spacetimes (a(t) = 0). If one replaces a(t) by a(et),e £ 1 in 
equation (30) , then the difference between (34) and an exact solution should be 
0(e 2n+1 ) for e — > 0. Unfortunately, this ansatz is too optimistic as the iteration 
procedure does not have the necessary convergence properties. Parkers motiva- 
tion had been finding states of minimal particle creation. We will not pursue 
this topic any further. For our purposes, the only thing that matters so far is 
n k n) (t) = 0J k (t) + O(e). 
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3 States of Low Energy 



Energy density in one spacetime point is not bounded from below as a function 
of the state [6]. Fewster [5] showed that if energy density is smeared along a 
timelike curve, this quantity does have a lower bound when only Hadamard 
states are considered. We take this as a starting point and consider the en- 
ergy density smeared with a test function with support on the worldline of an 
isotropic observer in a Robertson- Walker spacetime. In fact, the smearing func- 
tion has to be the square of a test function; this is a technical detail of Fewster's 
result. In the class of quasifree homogeneous isotropic pure states, we look for 
the state with minimal smeared energy density. Obviously, this state will de- 
pend on the choice for the smearing test function. 

We give a short sketch of the derivation of our renormalized stress-energy tensor 
and the main result of [5]. 

The classical energy density measured by an observer with 4-velocity u a is 

p(t) = T ab ( 1 (t))u a (t)u b (t), (37) 
where T ab is the classical stress-energy tensor of the Klein-Gordon field, 

T ab = V a <pV b <P - \g ab (V c 0V c </> + m V) • (38) 

Introducing an orthonormal frame with Vq = u a and performing a point- 
splitting procedure, we obtain the regularized energy density 

p(x,x') = \ (^(v^ a (x)(v^ b \x')V a \ x ^V b/ \ x/ <^ + ±m#a#(s'). (39) 

This yields the regularized (quantum) energy density in a state uj: 

1 3 1 

{T Teg )u(x,x f ) = -J2 ((M a V a ® (v^'Vv) lo 2 (x,x')) + -mu 2 (x,x'), (40) 

This is a bidistribution on M. Fewster [5] showed that the pullback of (T reg ) w (x, x') 
to a timelike curve 7 is a well-defined distribution (T re s) u; (t, t') on R 2 . This 
yields well-defined expressions for differences 6 in smeared energy density on 7: 

AW = Idt/^^^e^^O-^e^^O) 

= J dtf(tf({TUt)-(TU(t)) (41) 

where oj and ujq are Hadamard states and / G V(R). The main result of [5] 
is that the above expression is bounded from below as a function of uj when 
considering only Hadamard states. The fact that one has to smear with the 

6 Considering differences, one does not have to care about renormalization issues. 
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square of / is a technical detail of Fewster's proof. 

When looking for states of minimal smeared energy, we would like to have such 
a lower bound in order to have a well-posed minimization problem. This is our 
motivation for looking for the state u> for which (41) is minimal. As we are not 
only considering Hadamard states but homogeneous states, we cannot be sure 
the minimization proplem is well-posed. Anyway, our result will justify this 
ansatz. 

3.1 Minimizing Smeared Energy 

Now one computes expression (41) for an isotropic observer in an homogeneous 
state. Using equations (31) and (40), one gets 7 



id is the quasifree homogeneous isotropic pure state given by The countert- 
erms for loq have been omitted. Formally, we have 



This is independent of the spatial coordinate because of the homogeneity of the 
considered state. It is not a well-defined expression as it is infinite; however, the 
integrand is finite. We will minimize it for each mode. Thus, we will not have to 
care about renormalization issues. Statements like "smeared energy density (T) 
is minimal in to" can always be understood as "smeared renormalized energy 
density (T ren ) is minimal in id". 
If for each k, we find a T k such that 



is minimal, we have found the quasifree homogeneous isotropic pure state with 
minimal smeared energy density. We will call it the state of low energy associ- 
ated to /. 
So let k be fixed. 

The real solutions Ifc(i) of equation (30) span a two-dimensional real space, 
complex solutions are therefore from a space of (real) dimension 4. Let Sk be 

7 The calculation is omitted here for the sake of brevity. For the case e = 0, it is trivial. In 
the case e = +1, one has to perform a partial integration on E. For e = —1, one needs some 
calculus techniques for the eigenfunctions of the Laplacian Yh from the appendix of [12]. The 
result can already be found in [14]. 




(42) 



(T) u = J dk (\f k (x )\ 2 +cul\T k (x°)\ 2 ) 




(43) 
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an arbitrary solution of (30) satisflying condition (33). The generic solution of 
equation (30) can be written as 

T k = \S k + fiS k , \,fieC. (44) 

Condition (33) yields 

f k f k -f k T k = ia 3 ^\X\ 2 -\n\ 2 = l (45) 

and the dimension of the solution space is reduced to 3. Furthermore, if T k is 
a solution, then exp(ia)T k ,a 6 R is as well. Thus, we can choose fi to be real. 
This reduces the number of free parameters to 2, the value of // and the phase 
of A. 

We want to minimize 

W = j dtf(t) 2 Pkt0 (t) 

= \j rft/(t) 2 (|A5 fc (t)+^ fc (t)| 2 +^|A5 fc (t)+ M 5 fc (t)| 2 ) 

= \J «W) 2 ((|A| 2 + M 2 ) (|^(t)| 2 +u J 2 k \S k (t)\ 2 ) 

+23f?{ M A (S k (t) 2 + Lo 2 k S k {tf)} 

= (2/i 2 + l) Cl + 2^(Ac 2 ) (46) 

where 

Cl = \J dtf(t) 2 {\S k (t)\ 2 + u; 2 \S k (t)\ 2 ), (47) 
C2 = \j dt f(t) 2 (S k (t) 2 + ^^(t) 2 ) . (48) 
Given fx > 0, W is minimal for Arg A = — Arg c 2 + n = a, such that 



+ 



W = (2fi 2 + l)ci - 2/V/* 2 + 1 1 c 2 1 . (49) 

The minimum can be found by differentiating with respect to fx. This yields 
an equation of degree 4 for \x. Two of its solutions can be suppressed because 
ci > | C2 1 ; the two remaining solutions differ only by a factor —1. The positive 
solution is given by 

This yields 



A = exp(ia),/ Cl W + (51) 

y 2^01^ - |c 2 r ^ 



We formulate this main result as a theorem: 
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Theorem 3.1. Let A be the Weyl algebra of the free Klein-Gordon field over a 
Robertson-Walker spacetime (M,g a b) and f(t) £ T>(H). In the set of homoge- 
neous isotropic quasifree states on A, there is a state ujq for which the smeared 
energy density 

J dtf{tf{T™) w (t) (52) 

is minimal. This state is given by its two-point distribution (31) with 

T k (t) = \S k (t) + »S k (t), (53) 

where S k is an arbitrary solution of equation (30) fulfilling condition (33), and 
A, fi are given by equations (50), (51), (47) and (48). We call luq the state of 
low energy associated to f(t). 

Now T k fl(t) is a state of low energy (associated to f(t)) if and only if 

J dt f{t) 2 (T kfi {t) 2 + c^T M (t) 2 ) = 0. (54) 

This can be seen by setting S k := T k; Q. Prom equations (50) and (51) we deduce 
the state of low energy associated to f(t): 

f k o = exp (ia) 4 / — , ° l +-T k0 + J — - Cl - - f k „ (55) 

V Vci 2 - |c 2 | 2 2 V 2Vci 2 - |c 2 | 2 2 fc '° 1 ; 

The right-hand side equals T kj o if and only if c 2 = (where we set Arg = 0). 

We remark that a state of minimal energy (by which we mean a state that 
is low energy for any normalized test function / 6 V{R),J fdx = 1) can only 
exist in static Robertson- Walker spacetimes. As 

|(T M (t) 2 +u; 2 T M (t) 2 ) 

= 2T M W (f M (t) + WfeT M (0) 

= -6T k , (t) 2 H(t), (56) 

equation (54) can only be fulfilled for all / if H = a/a = 0, i.e. a = const. Thus, 
a state in non-static Robertson- Walker spacetimes cannot be an exact state of 
minimal energy. If a = const., the state of minimal energy is well-known: It is 
the vacuum of the ultrastatic Robertson- Walker spacetime. 

3.2 Adiabatic Vacua Are Approximate States of Low Energy 

We apply the concept of states of low energy to the class of adiabatic vacuum 
states. We write down Parker's expression for the mode solutions once more: 

T fc (t) = (2a(t) 3 ^ n) (t)) _1/2 exp (i \t')dt^j . (57) 
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We have 

ft = (-l-$-' !i '" , ) T " (58) 

In the adiabatic limit, a(t) rx a(et), e — > 0, we have a, tl^ = 0(e) and thus 

t k {tf + u 2 T k (t) 2 = (0(e) + (-in k n) ) 2 + 4) T k 2 = 0(e), (59) 

where we used fij^ = uj k + O(e). Thus, for any test function /, 

j dtfitf (T k (t) 2 + u;lT k (t) 2 ) = 0(e). (60) 

We conclude that adiabatic vacuum states are indeed states of minimal energy 
in the adiabatic limit. 

4 States of Low Energy Are Hadamard States 

In this section, we show that states of low energy possess the Hadamard prop- 
erty. This shows that states of low energy are a set of physically sensible states. 
The idea of the proof is the following: We compare states of low energy and 
adiabatic vacuum states and show that for large k and large iteration order n, 
the difference between these two converges to zero. This will be used to show 
that an Hadamard state (which can be understood as an adiabatic vacuum of 
infinite order) and a state of low energy differ only in the smooth part. 

4.1 Wavefront Sets, Microlocal Spectrum Condition 

The wavefront set of a distribution u G V'(W l ) contains information about 
the localization and direction of singularities of u [9]. In the context of QFT in 
CST, this concept was introduced by Radzikowski [15] to characterize Hadamard 
states. As we do not want to give the original definition of the Hadamard 
condition [11], we state Radzikowski's criterion as a definition. 

Definition 4.1. Let M be a globally hyperbolic manifold. A quasifree state to 
on the Weyl Algebra A over M is called an Hadamard state if the wavefront set 
of its two-point distribution 1V2 satisfies 

WF(u 2 ) = {(x 1 ,k 1 ),(x 2 ,k 2 ) € T*(M)\0 x T*(M)\0 : 

{x 1 ,k 1 )~(x 2 ,-k 2 ),k 1 >0}=:C + . (61) 

Here, (x\, k±) ~ (x 2 , k 2 ) means that there is a null geodesic between x\ and x 2 
whose derivative in x\ equals k\ and equals x 2 m.k 2 . k\ > means that k\ is in 
the forward light cone of T*M . 
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4.2 Proof of the Hadamard Property 



For our proof, we have to gather some results on adiabatic vacuum states from 
the work by Luders und Roberts [12]. 

First, we mention a Lemma ensuring the existence of n^(k,x°) := ^ n) (x°) 
from equation (36) for large k: 

Lemma 4.2. Let I C M. be a closed interval. Forn G N there exists a Xn(-0 > 
such that Q( n ) is positive on 



TZ n (I) :={(k,x°):x° el,k>xn(l)} 



(62) 



and all its derivatives with respect to x° are continious on lZ n (I). Furthermore, 
there are constants A,B>0 such that 



A(l + k)< nP(x°) < B{\ + k), {k,x u ) e K n (I). 



(63) 



We introduce classes of functions on TZ n (I) with a special asymptotic behaviour 
for k — > oo: 

Definition 4.3. Let f(k,t) = f G C°° ((fc m i„,oo) x /)). If for any m e N, 

there exists a constant c m > such that 



\drf(k,t)\< Cm k n , t€l,k>k„ 
then we write f £ Q n (I)- 



(64) 



In particular, if / € Q n (I), we have / = 0(k n ). 

We know from Lemma 4.2 that f^ n ) G Qi(I). Moreover, one shows that (see 
[12]) 

Next, we need an estimate for the difference between the explicit expression 

W^{t) := {2a(tfn ( ^(t)y 1/2 exp (i J* dt' ^ n) (i')) (66) 

and the exact solution sj^ (t) of equation (30) with initial conditions 

S^\to) = W^(t ), S^\t ) = W^(t ) (67) 
which represents an adiabatic vacuum state. We write 



r{n) 



(n). 



r{n). 



(6E 



One shows that a and (3 satisfy the following integral equation (see [12] and 
[14]): 

a(t) = l-i[ dt'R(t') a{t') +/3(t')exp ( -2i f dt" Q{t") 
h x \ Jti 

0(t) = i[ dt' R(t') (3{t') +a{t')ex.p ( 2i [ dt" Q(t") ) , (69) 
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where we omitted indices (as we will in the following), and 



R 



in- tf 



3tl 2 
4C72 + 2TI 



2 3d 3d' 



(70) 



We have = —\& n \ n+ i £ Q_2 n -i(-0- The asymptotic behaviour of a 

and /? is examined with the aid of standard Volterra-Lotka methods (see [12], 
appendix B). We abbreviate equation (69): 



x = y + Vx, 



(71) 



with 



0J' 



y 



^ und (Vx)(t) = £ dt'V(t')x(t'), (72) 



where V{t') is a 2 x 2-matrix ist, defined by equations (69) and (70). 
By equations (69) and (70), there is a C > such that 



\v?{t)\<c{\ + k) 



-2n-l 



(73) 



One solves equation (71) in a suitable Banach space, where the norm is given 
by 



\x\ \ w := max sup 
i=l,2 t( zj 



X l {t) 



w(t) 



with 



w(t) :=e Llt - tl1 , L>4C. 
We check that V is contracting: 



Of 

\\vx\\ w <—0. + k)- 2n - 1 \ 



(74) 
(75) 

(76) 



By the Banach fixed point theorem, the unique solution of equation (71) is given 

by 



x = Y J v n v- (77) 

n=0 

We are interested in the asymptotic behaviour of f3 and a — 1. We have 



sup tel 



w(t) 



<\\x k -y\\ w <^2\\v k \a\v k y\\ 

4C 
L 

<{i + ky 2n - 1 



-2n-l\ 



< —(l + k)-- ^\\y\\ w 



tei 



(78) 



The first inequality is valid as well if we replace Pk(t) by ak(t) — 1. Considering 
equation (69), we see that we have similar estimates for the first derivatives of 
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a, (3 with respect to t. To conclude, there are constants Q > 0,i = 1,2,3,4 
such that 



4 n) (t) - 1| < Ci(l + A;)- 2 ™- 1 , |a™(t)| < C 2 {1 + k) 



-2n-l 



< C 3 (l + A;)- 2 "- 1 , \$£\t)\ < C 4 (l + A;)- 2 "- 1 . 



(79) 



With equation (68) we have Sp(t) = Oik- 1 / 2 ) and d t Sj^'(t) = Oik 1 / 2 ). By 
iteratively differentiating equation (30), one obtains 

cP t S ( £ ) it) = 0iV- 1 / 2 ). (80) 

Now let Tfc(t) be a state of low energy associated to a test function / whose 
support is contained in I. Ifc(to) can be obtained from S^\to) by a Bogoliubov 
transformation 



T fc (t ) = Q(A;)5^(to) + /9(A;)5^(to). 
Here, a(k),P(k) do not depend on i. Indeed, fi(k) = $(k) and 

1/2 



/i(fc) = 



1 



1 



1 



For |x| < 1, can be developed in a Taylor series, 



\C2? 



1 = - 



1 leal 



2 c 2 



+ - 



l|c 2 | 



4 cf 



Thus, we have to examine the asymptotic behaviour of 



(81) 



(82) 



(83) 



We have 



Cl = J dtfit) 2 (\Sit)\+" 2 \Sit)\ 



I 



= / dtfitf 



dt 



(aW + PW) 



+ uj 2 \aW + pW\ 



= J dtfit) 2 \(\a\ 2 + |/3| 2 ) \W\ 2 + (H 2 + \$\ 2 + u; 2 (\a\ 2 + |/3| 2 )) |Wf 



+2»^adWW + a/W 2 + a/3WW 



+a(3WW + d W 2 + [3j3WW + rn.;ir : 



(84) 



Considering these terms one by one, we first remark 

\W\ = i2a 3 n)- 1 / 2 GQ_ 1/2 iI), 
3A 1 ,B 1 >0: Ai(l + A:)" 1 / 2 < \W\ < Bi(l + A:)^ 1/2 



3- + - + %n 

a il 



(2a 3 fi)- 1 /2 G Q 1/2(/ ), 



3^ 2 , B 2 > : A 2 (l + A;) 1 / 2 < |W| < #i(l + fc) 



1/2 



(85) 
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If, in the above sum, we insert 

a 2 \W\ 2 = (1 + (a + l)(a - 1)) \W\ 2 = \W\ 2 + 0(£T 2n ) 

a 2 \W\ 2 = \W\ 2 + 0(k' 2n ), (86) 

the only terms remaining of order larger than — 2n in k in (84) are \W\ 2 and 
lo 2 \W 2 \: 



(87) 



r, - / dtf(t) 2 [\W\ 2 +UJ 2 \W 2 \j +0(k~ 2n ) 

=¥- 3i, B > : i(l + k) < ci < P(l + fc). 
The analysis of the asymptotic behaviour of C2 works out similarly: 

C2 = J dt f{tf (W 2 + Lo 2 W 2 ^j + 0(fc" 2n ) 
= y dtf(t) 2 (\W\ 2 + u 2 \W\ 2 ^j exp (li J nj+0(k~ 2n ). 
We need a Lemma to precise our estimate for C2. 

Lemma 4.4. Lei P(M) G Qm(I)- For MeN, i/iere is a C M > suc/i that 



(88) 



dtf(t) 2 P(k,t)exp (2i y cft'fi(t') 



< C M (l + fc)- M+m . 



(89) 



Proof: Induction by M. For M = 0, we have 



dtf(t) 2 P(k,t) exp y 
< y di/(i) 2 |P(M)l <C (l + fc) m . 



(90) 



Let the hypothesis be valid for M — 1. 

For any complex- valued test function g(t), there is a constant C g > such that 



*tf)P(M)exp(»/ n 



< / dt| 5 (t)||P(M)| <C p (l + fc) r 



(91) 



To carry out the induction step, we choose g(t) := (§^) M f(t) 2 and replace 
P(M) by P{k,t)a(t) M . We can do this because P(k,t)a(t) M G Q m (I). We 
conclude that there is a Cm > such that 



C M (1 + fc) m > 



/*(( 

y 



M 



f(t) 2 )P(k,t)a(t) M exp[2i 



M 



r M 

dt f (t) 2 Y: 

3=0 



M 



■ l -d t ) (P(k,t)a(t) M )(- l -d t 



P(k, t)a(t) M exp ( 2i 

M-j 



exp I 2i I n ) ) 



(92) 
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Considering the last line of equation (92), we see that for j £ N, 



--<9 t J exp \2i J tt 

Qj _ i_jV+2)nni- 2 + exp (21 J n 
= (n j + oik*- 1 )) exp (21 j nj 



Moreover 



dt) (P(k,t)a(t) M ) € Q m (I). 



Now the last line of (92) reads 

j dtf(t) 2 (P(k,t)a(t) M n M + 0(fc M - 1+m )) exp (21 J n 
Now we claim 

P(k, t)a(t) M Q M = P{k, t)(k M + o^- 1 )). 
This can be seen with the aid of equation (36) , 



(^ n) ) 2 = u 2 + P {k, t) = ^ + Po(k, t), 



(93) 
(94) 

(95) 
(96) 
(97) 



with Po,Po = O(k ). If we choose k sufficiently large, such that \ > Po(k,t), 

(n) 

then Q k can be developed in a Taylor series: 



(n) 



1 + 



1 P (k,t)a 

2 W~ 



— \l I + 

a 



Po(k,t)a< 
k 2 



+ \ = 'l + 0(k- 1 ). 
J a 



(98) 



This proofs the claim (96). If we insert this result into expression (95), we 
obtain 



A: 



ill 



j dtf(t) 2 (P(k,t) + k- 1 P(k,t))exp (2,1 j Q 
where P(k,t) = 0(k m ). Using the induction hypothesis, we get 

C M (1 + k) m > k M J dtf(t) 2 (P(k,t) + k- 1 P{k,t))exp(2i J ^ 

> k M J dtf(t) 2 P(k,t)exp J n 



(99) 



-k 



M 



j dtf(t) 2 k- 1 P(k,t)exp j n 



> k 



M 



dtf(t) 2 P(k,t)exp J n 



fc Af - 1 Cji tf _i(l + A;)- M+1+m 



dtf{tyP{k,t)exp \2i / n 



<C M (l + k) m - M . (100) 
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□ 

We apply the Lemma to the first term of equation (88). Here m = 1. For 
M > 2n the Lemma yields C2 = 0(k~ 2n ). By equation (87), we obtain the next 

Lemma 4.5. Let uo n be an adiabatic vacuum state of order n, represented by a 
solution S^\t) of equation (30) ('see the remark after equation (33),). Let u be 
the state of low energy associated to f G T>(H), represented by 7fc(t). Then 



T k (t) = a(k)S < ?\t) + P(k)Sr(t), 



(n). 



with 



l-a(k)J(k) =0(k 



-2n\ 



(101) 



(102) 



The next step in our proof is combining Lemma 4.5 with Lemma 3.3 from 
[10] (see also Theorem 6.3 from the same paper). In order to do so, we need 
some definitions from the theory of Sobolev wavefront sets (see the appendix of 
[10] or [9]). The (C°°-) wavefront set contains information about the location 
and direction of a distribution's singularities but not about their degree. This 
information is contained in the so-called Sobolev wavefront sets. 



Definition 4.6. By H s (R n ),s 6 R we denote the Sobolev spaces 
ju G S'(R n ) : \\u\\ 2 s := J d»£(l + \^) s \u(0\ 2 < °°} 

Equiped with \ \ ■ \ \ s , H s (W l ) is a normed space. 

We proceed by giving the definition of local Sobolev spaces: 



(103) 



/ 



tff 0C (R") := |« G V'{W\ 
d n t{l + \t\ 2 y\$u{0\ 2 <™ V^D(R") 



(104) 



This definition can easily be generalised to an arbitratry C°°-manifold X: Let 
u e V'(X). We say u G Hf 0C (E) if for any chart (17, k v ), U C X, k v -> R n of X 
and for any ip G V{U), 



^e(i + iei 2 ri^*M(e)i"<oo. 



(105) 



One shows that it is sufficient to verify this criterion for an atlas of X (see [8]). 
We show C j (R N ) C H( 0C (R N ) for j > s + Let u G C'(R N ), <p G 

©(R^), |a| < j. Then 



l«)l 



d N xp(x)u(x)(id x ) a e-^ x 



J d N x{id x ) a {p{x)u{x))e-* x 



< C a < oo 



0u = O(C J )- 



(106) 
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For j > s+N/2 this yields the absolute convergence of the integral / d n £\yu{C)\ 2 (l+ 
\i\ 2 ) s and therefore &(R N ) C H* 0C (R N ). The same statement follows for a C°°- 
manifold S: 

C^'(S) C fTf 0C (E) Vs<j- ^dimS. (107) 

We come to the definition of Sobolev wavefront sets. First, let X C M n . A set 
r C R n \{0} is called conic if for * > 0, (x,f) G T => G T. 

Definition 4.7. Lei u G £>'(X), x £ I,(o £ M n \{0},s G R. VFe say (rr ,£o) 
is noi in i/ie H s -wavefront set of u ((xq,^q) g" W / F s ('u) y ) i/ i/iere ezisi </? G PpQ 
wif/i y(xo) 7^ and an open conic neighbourhood of £o *n ^ n \{0}? I\ s^c/i i/iai 

^d^(l + k| 2 )1^(e)| 2 <oo. (108) 

The definition of Sobolev wavefront sets on manifolds is carried out in a chart. 
Let (n,U) be a chart, ip G T>(U) and T a conic neighbourhood of dK XQ (£o) in 
M n \{0}. Then T*X 3 (x ,£o) WF S («) if 

J d n i{l + \Z\ 2 ) s \iwpu(0\ 2 < oo. (109) 

One sees WF s (n) = 44> u G Hf 0C (X). The C°°-wavefront set is given by 

WF(«) = U seI WF(«). (110) 

For sums of distributions, we have the inclusion 

WF s (u + t;)CWF s («)UWF s (i;). (Ill) 

We are now ready to cite Lemma 3.3 from [10]. 

Lemma 4.8. Let ujh,2 and oj n ^ be the two-point distributions of a quasifree 
Hadamard state and a quasifree adiabatic state of order n on a Robertson- Walker 
spacetime respectively. Then 

WF e (cj H ,2-uJ n ,2) = Vs<2n + | (112) 
We will use this Lemma to show our main result: 

Theorem 4.9. Let 0J2 be the two-point distribution of a state of low energy w 
(associated to an arbitrary test function f G V(M)) on the Weyl algebra A over 
a Robertson-Walker spacetime M. Then 

WF(oj 2 ) = C+ (113) 

which means that uj possesses the Hadamard property. 



20 



Proof: 

Let luh,2 be the two-point distribution of an Hadamard state on A. Then 

WF(w 2 ) = WF(w 2 - LL>H,2 + UH,2) 

C WF(cj 2 - 0Jh,2) U WF{uj h ,2) = WF(w 2 - w ff , 2 ) U C+. (114) 

In the case WF(w 2 — ojh,2) = , the inclusion in (114) becomes an equality, and 
WF(w 2 ) = C+. 

For the two-point distribution oj2,n of an adiabatic vacuum of iteration order n, 
we have, using Lemma 4.8, 

WF> 2 - u H ,2) C WF s (w 2 - w„ )2 ) U WF'(wir,2 - w n , 2 ) 

= WF s (w 2 -w n , 2 ) Vs<2n + ^. (115) 

For s < 2n — 10, we show u>2 — w 2>n G H^ 0C (M), and therefore 

WF s (w 2 - wh, 2 ) = Vs<2n-10. (116) 

(The inequality s < 2n — 10 is not optimal. Anyway, it is sufficient to show that 

for any s, there is a n such that UJ2 — <^2,n £ Hf 0C (M x M).) 

Then equalities (110) and (114) yield the assertion from the theorem. 

So let ^2,a; ni 2 be given by solutions Tk(t), S^\t) of (30). Using (31), one has 

(W2 - Wn,2) (/,/') = y d 4 * dV tfcVflW VflO*') /(*)/(*') X 

x (f fc (x°)T fc (x°') - 4 n) (x°)5f (z ')) F k (x)i^). (117) 
We need estimates for the derivatives of ik(x). For e = 0, 

|Sgy k (x)| = |^e ikoc | < (1 + fc 2 ) H/2 . (118) 
For e = —1, we use coordinates 

ip : XT — > R 3 

(Vl + x 2 ,x) I ^ X, 

and gather from appendix C of [12] that on a compact set K C M 3 

|5«y k (x)| <c Qi ^(i + fc 2 )H/2. (119) 

As in (11), S + is considered as the 3-sphere embedded in M 4 , S + = {1 £ I 4 : 
|x| = 1}. Again using results from the appendix C of [12], we write Y k as a 
function of x = (x°, x 1 , x 2 , x 3 ), whith 

sup k|=1 |^y k (x)| < C a (l + k 2 ) 1+ ^ 2 . (120) 

In all three cases, we have 

|S£lk(x)| < C a (l + fc 2 ) 1+H/2 = 0{k\ a \+ 2 ). (121) 
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By equations (101), (102) and (80), we have 

{Tk{x°)T k {x«) - 4 n V)4"V')) = 0(fc' a '~ 2n_1 ) (122) 
Therefore, if 4+ \a\ — 2n— 1 < —3, the following integral converges absolutely: 8 

J d*kd^ x>) [{f k (x°)T k (x ') - S^(x°)S^(x ')) Y k (x)>^) 

= ^0(^-^,2) (123) 

For j < 2n — 6, this implies 

^2 — Wn,2 S C\M x M). (124) 
Using equation (107), we finally obtain 

w 2 - ^n,2 G fTf 0C (M x M) Vs < 2n - 10. (125) 

□ 

5 Summary and Outlook 

We have given the expression for a quasifree state of the free Klein-Gordon field 
on Robertson- Walker spacetimes that minimizes the expectation value of the 
smeared stress-energy tensor, where the smearing was done with the square of 
an arbitrary test function along the curve of an isotropic observer. This state 
depends on the smearing function /. We called it state of low energy (associated 
to the smearing function /). 

It was shown that adiabatic vacuum states are states of low energy (for any 
smearing function) in the adiabatic limit. In static Robertson- Walker space- 
times, the unique state of low energy is the ground state; this means that for 
any test function the associated state of low energy is the ground state. In 
non-static Robertson- Walker spacetimes, there cannot exist such a unique state 
of low energy. 

We have given the proof that a state of low energy (associated to an arbitrary 
test function) is an Hadamard state. This has been done by combining results of 
Liiders and Roberts on the one side and Junker and Schrohe on the other: The 
higher one chooses the iteration order of an adiabatic state, the closer it comes 
to being of low energy. This statement expressed in the language of microlocal 
analysis yields the result. 

A similar procedure should work out for temperature states: Again, we con- 
sider a seperation by modes. Instead of minimizing each mode with respect to 
smeared energy density, one could try to get a KMS-like behaviour with respect 
to this operator. One expects to obtain mixed Hadamard states. 
The concept of states of low energy could also be useful for models of the early 
universe. Up to now, there has been no precise criterion for choosing the right 



In all of the three cases (e = +1,0, —1), a sufficient criterion for absolute convergence of 
the integral is an asymptotic behaviour of the integrand as 0(fc~ 3 ~*),<5 > . 
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state of the universe during expansion. States of low energy could be a sensible 
concept. However, it remains the task to determine the correct smearing func- 
tion. 
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